
PH 422: Quantum Mechanics II

Tutorial Sheet 2: Solution

This tutorial sheet contains problems related to the Clebsch-Gordon series, tensor oper-
ators, and the Wigner-Eckart theorem.

1. By use of the unitary condition for the D matrices and the orthogonality condition of
the CGCs, derive from the Clebsch-Gordon series the result∑

m
′
2

〈j1j2m
′

1m
′

2|j1j2j3m3〉D(j2)

m
′
2m2

(R) =
∑
m1m

D(j3)
m3m

(R)〈j1j2m1m2|j1j2j3m〉D(j1)∗
m
′
1m1

(R).

Soln: The Clebsch-Gordon series is

D
(j1)

m
′
1m1

(R)D
(j2)

m
′
2m2

(R) =

j1+j2∑
j=|j1−j2|

∑
m,m′

〈j1j2m1m2|j1j2jm〉〈j1j2m
′

1m
′

2|j1j2jm
′〉D(j)

m′m
(R).

Multiplying on both the sides by 〈j1j2m
′
1m

′
2|j1j2j3m3〉 and summing over m

′
1 and m

′
2∑

m
′
1,m
′
2

D
(j1)

m
′
1m1

(R)D
(j2)

m
′
2m2

(R)〈j1j2m
′

1m
′

2|j1j2j3m3〉 =

j1+j2∑
j=|j1−j2|

∑
m,m′

D
(j)

m
′
m

(R)〈j1j2m1m2|j1j2jm〉

×
∑
m
′
1,m
′
2

〈j1j2m
′

1m
′

2|j1j2j3m3〉〈j1j2m
′

1m
′

2|j1j2jm
′〉

Using the fact that
∑

m
′
1,m
′
2
〈j1j2m

′
1m

′
2|j1j2j3m3〉〈j1j2m

′
1m

′
2|j1j2jm

′〉 = δj,j3δm′,m3 , we
obtain ∑

m
′
1,m
′
2

D
(j1)

m
′
1m1

(R)D
(j2)

m
′
2m2

(R)〈j1j2m
′

1m
′

2|j1j2j3m3〉 =

∑
m

D(j)
m3m

(R)〈j1j2m1m2|j1j2j3m〉

Multiplying on both the sides by D
(j1)∗
lm1

, summing over m1, and using the fact that
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∑
m1
D

(j1)
lm1
D

(j1)∗
m
′
1m1

= δlm′1
, we have

∑
m
′
1,m
′
2

(∑
m1

D
(j1)

m
′
1m1

(R)D
(j1)∗
lm1

(R)

)
D

(j2)

m
′
2m2

(R)〈j1j2m
′

1m
′

2|j1j2j3m3〉 =

∑
m1,m

D(j)
m3m

(R)〈j1j2m1m2|j1j2j3m〉D(j1)∗
lm1

(R)

=⇒
∑
m
′
1,m
′
2

(
δlm′1

)
D

(j2)

m
′
2m2

(R)〈j1j2m
′

1m
′

2|j1j2j3m3〉 =

∑
m1,m

D(j)
m3m

(R)〈j1j2m1m2|j1j2j3m〉D(j1)∗
lm1

(R)

=⇒
∑
m
′
2

〈j1j2lm
′

2|j1j2j3m3〉D(j2)

m
′
2m2

(R) =
∑
m1m

D(j3)
m3m

(R)〈j1j2m1m2|j1j2j3m〉D(j1)∗
lm1

(R)

on replacing l→ m
′

1 we get the desired result∑
m
′
2

〈j1j2m
′

1m
′

2|j1j2j3m3〉D(j2)

m
′
2m2

(R) =
∑
m1m

D(j3)
m3m

(R)〈j1j2m1m2|j1j2j3m〉D(j1)∗
m
′
1m1

(R).

2. Prove

D
(j)

mm′
(R) =

∑
m1,m

′
1,m2,m

′
2

〈j1j2m1m2|j1j2jm〉D(j1)

m1m
′
1

(R)D
(j2)

m2,m
′
2

(R)〈j1j2m
′

1m
′

2|j1j2jm
′〉.

Verify that this result holds for j1 = 1/2, j2 = 1, j = 3/2, when R denotes a rotation
by an angle θ about the z axis.
Soln: We have

D
(j)

mm′
(R) = 〈jm|e−

iJ·n̂θ
~ |jm′〉.

When j is obtained by coupling two angular momenta j1 and j2, then

|jm〉 = |j1j2jm〉
J = J1 + J2∑

m1,m2

|j1j2m1m2〉〈j1j2m1m2| = I.

Using these above

D
(j)

mm′
(R) = 〈j1j2jm|e−

iJ1·n̂θ
~ e−

iJ2·n̂θ
~ |j1j2jm

′〉

=
∑
m1,m2

m
′
1,m
′
2

〈j1j2jm|j1j2m1m2〉〈j1j2m1m2|e−
iJ1·n̂θ

~ e−
iJ2·n̂θ

~ |j1j2m
′

1m
′

2〉

× 〈j1j2m
′

1m
′

2|j1j2jm
′〉.
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Using the fact

〈j1j2m1m2|e−
iJ1·n̂θ

~ e−
iJ2·n̂θ

~ |j1j2m
′

1m
′

2〉 = 〈j1m1|e−
iJ1·n̂θ

~ |j1m
′

1〉

× 〈j2m2|e−
iJ2·n̂θ

~ |j2m
′

2〉
= D

(j1)

m1m
′
1

(R)D
(j2)

m2,m
′
2

.

Using this above, we obtain the desired result

D
(j)

mm′
(R) =

∑
m1,m

′
1,m2,m

′
2

〈j1j2m1m2|j1j2jm〉D(j1)

m1m
′
1

(R)D
(j2)

m2,m
′
2

(R)〈j1j2m
′

1m
′

2|j1j2jm
′〉.

(1)
For a rotation of angle θ about the z-axis, for angular momentum j, we have

D
(j)

mm′
(θ) = 〈jm|e−

iJzθ
~ |jm′〉 = e−imθδm,m′ .

Using this on the RHS of Eq. 1, we have∑
m1,m

′
1,m2,m

′
2

〈j1j2m1m2|j1j2jm〉〈j1j2m
′

1m
′

2|j1j2jm
′〉e−im1θδm1,m

′
1
e−im2θδm2,m

′
2

=
∑
m1,m2

〈j1j2m1m2|j1j2jm〉〈j1j2m1m2|j1j2jm
′〉e−im1θe−im2θ

If we take, m1 = j1, m2 = j2, m = m
′

= j, the CGC's involved are both 1, and on
both the LHS and RHS we obtain e−imθ = e−i(m1+m2)θ. For other values of angular
momenta, one will have to use the CGCs to verify the result.

3. Using the spherical harmonics Y m
l (θ, φ), establish the connection between components

of a Cartesian tensor of rank 2 de�ned as Tij = xixj, and the corresponding spherical
tensor T qk=2. Here xi denotes the i-th Cartesian component of the position vector.
Soln: Let us express the components of Y m

2 in Cartesian coordinates. For m = ±2

Y ±22 (θ, φ) =

√
15

32π
e±i2φ sin2 θ

=

√
15

32π
(cos 2φ± i sin 2φ) sin2 θ

=

√
15

32π

(
cos2 φ− sin2 φ± 2i sinφ cosφ

)
sin2 θ

=

√
15

32π

(x2 − y2 ± 2ixy)

r2
=

√
15

32π

(x± iy)2

r2

=

√
15

32π

(Txx − Tyy ± 2iTxy)

r2
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For m = ±1

Y ±12 (θ, φ) = ∓
√

15

8π
e±iφ sin θ cos θ

= ∓
√

15

8π
(sin θ cosφ± i sin θ sinφ) cos θ

= ∓
√

15

8π

(x± iy)z

r2

= ∓
√

15

8π

(Txz ± iTyz)
r2

For m = 0

Y 0
2 (θ, φ) =

√
5

16π
(3 cos2 θ − 1)

=

√
5

16π

(3z2 − r2)
r2

=

√
5

16π

(2z2 − x2 − y2)
r2

=

√
5

16π

(2Tzz − Txx − Tyy)
r2

So we can de�ne various components of T q2 tensor as follows

T±22 = Txx − Tyy ± 2iTxy

T±12 = ∓2(Txz ± iTyz)

T 0
2 =

√
2

3
(2Tzz − Txx − Tyy)

Additionally, we also will have to de�ne the scalar T 0
0 = r2 = (x2 + y2 + z2) =

Txx + Tyy + Tzz, to completely determine the spherical tensors.

4. If |nlm〉 denotes an eigenfunction of the hydrogen atom (without considering its spin),
and we de�ne

χ = 〈n′ = 3, l
′
= 2,m

′
= 2|xy|n = 3, l = 0,m = 0〉.

Compute, as a function of χ, the matrix elements

〈n′ = 3, l
′
= 2,m

′|Tij|n = 3, l = 0,m = 0〉,

where Tij is de�ned in the previous problem.
Soln: To solve this problem, we will be extensively using the Wigner-Eckart theorem

〈α′j′m′|T qk |αjm〉 = 〈jkmq|jkj′m′〉
〈α′j′||Tk||αj〉,

(2)
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From the results of the previous problem

xy = Txy =
i

4

(
T−22 − T 2

2

)
.

Thus

χ = 〈322|Txy|300〉 =
i

4
〈322|

(
T−22 − T 2

2

)
|300〉

on using the Wigner-Eckart theorem, the �rst term vanishes due to m selection rule

χ = − i
4
〈0202|0222〉〈32||T2||30〉 = − i

4
λ. (3)

Above we used the fact that 〈0202|0222〉 = 1, and λ = 〈32||T2||30〉 is the reduced
matrix element. We obtain λ = 4iχ. Now

〈32− 2|Txy|300〉 =
i

4
〈32− 2|

(
T−22 − T 2

2

)
|300〉 =

i

4
〈32− 2|T−22 |300〉 =

i

4
λ = −χ.

The rest of the matrix elements of Txy are zero. Next, we compute Txz

〈32m
′|Txz|300〉 =

1

4
〈32m

′|T−12 − T 1
2 |300〉

=
1

4

{
〈32m

′ |T−12 |300〉 − 〈32m
′|T 1

2 |300〉
}

=
1

4

{
〈020− 1|022m

′〉 − 〈0201|022m
′〉
}
〈32||T2||30〉

=
1

4

{
〈020− 1|022− 1〉δm′−1 − 〈0201|0221〉δm′1

}
λ

= iχ
(
δm′−1 − δm′1

)
All other matrix elements of Txz vanish. For Tyz

〈32m
′ |Tyz|300〉 =

i

4
〈32m

′ |T−12 + T 1
2 |300〉

=
i

4

{
〈32m

′|T−12 |300〉+ 〈32m
′ |T 1

2 |300〉
}

=
i

4

{
〈020− 1|022m

′〉+ 〈0201|022m
′〉
}
〈32||T2||30〉

=
i

4

{
〈020− 1|022− 1〉δm′−1 + 〈0201|0221〉δm′1

}
λ

= −χ
(
δm′−1 + δm′1

)
,

while rest of the components of Tyz vanish. Next, we compute the diagonal components.
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For Tzz, we have

〈32m
′ |Tzz|300〉 = 〈32m

′ |1
3
T 0
0 +

1√
6
T 0
2 |300〉

=
1

3
〈32m

′ |T 0
0 |300〉+

1√
6
〈32m

′|T 0
2 |300〉

=
1

3
〈0000|002m

′〉〈32||T 0
0 ||30〉+

1√
6
〈0200|022m

′〉λ

=
1√
6
〈0200|0220〉λδm′0

=
4iχ√

6
δm′0.

The �rst term above vanished because the CGC involved violates the triangular in-
equality. Rest of the matrix elements will be zero. For Txx, we have

〈32m
′|Txx|300〉 = 〈32m

′|1
3
T 0
0 −

1

2
√

6
T 0
2 +

1

4

(
T 2
2 + T−22

)
|300〉

=
1

3
〈32m

′|T 0
0 |300〉 − 1

2
√

6
〈32m

′|T 0
2 |300〉

+
1

4
〈32m

′|T 2
2 |300〉+

1

4
〈32m

′|T−22 |300〉

=
1

3
〈0000|002m

′〉〈32||T 0
0 ||30〉 − 1

2
√

6
〈0200|022m

′〉λ

+
1

4
〈0202|022m

′〉λ+
1

4
〈020− 2|022m

′〉λ

= − 1

2
√

6
λδm′0 +

1

4
λδm′2 +

1

4
λδm′−2

= iχ

(
− 2√

6
δm′0 + δm′2 + δm′−2

)
.
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For Tyy

〈32m
′|Tyy|300〉 = 〈32m

′|1
3
T 0
0 −

1

2
√

6
T 0
2 −

1

4

(
T 2
2 + T−22

)
|300〉

=
1

3
〈32m

′|T 0
0 |300〉 − 1

2
√

6
〈32m

′ |T 0
2 |300〉

− 1

4
〈32m

′ |T 2
2 |300〉 − 1

4
〈32m

′ |T−22 |300〉

=
1

3
〈0000|002m

′〉〈32||T 0
0 ||30〉 − 1

2
√

6
〈0200|022m

′〉λ

− 1

4
〈0202|022m

′〉λ− 1

4
〈020− 2|022m

′〉λ

= − 1

2
√

6
λδm′0 −

1

4
λδm′2 −

1

4
λδm′−2

= −iχ
(

2√
6
δm′0 + δm′2 + δm′−2

)
.

5. Directly compute the matrix elements

〈j = 1,m
′ |Jq|j = 1,m〉,

where Jq denotes the q-th spherical component of the angular momentum operator.
Verify that these matrix elements satisfy Wigner-Eckart theorem, and deduce the cor-
responding reduced matrix elements from them.
Soln: (i) Let Jq = J0 = Jz, then, using the fact that Jz|jm〉 = m~|jm〉, and
〈jm′|jm〉 = δm′m, we obtain

〈j = 1,m
′ |Jz|j = 1,m〉 = m~δm′m. (4)

Using Wigner-Eckart theorem, we have

〈j = 1,m
′ |Jz|j = 1,m〉 = 〈j = 1,m

′|J0
1 |j = 1,m〉

= 〈11m0|111m
′〉〈j = 1||J1|j = 1〉

= 〈11m0|111m〉λδmm′ ;m = 1, 0,−1, (5)

where λ = 〈j = 1||J1|j = 1〉 is the reduced matrix element. From the table of CGCs',
we have

〈11m0|111m〉 =
1√
2

; for m = 1

= 0; for m = 0

= − 1√
2

; for m = −1

=
m√

2
(6)
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Substituting Eq. 6 in Eq. 5, we obtain from Wigner-Eckart theorem

〈j = 1,m
′|Jz|j = 1,m〉 = λ

m√
2
δmm′ (7)

On comparing Eqs. 4 and 7, we conclude that the two equations agree with each other
if the reduced matrix element is given by λ = ~

√
2. Let us check this for the other

two spherical components. First by Wigner-Eckart theorem

〈j = 1,m
′|J±11 |j = 1,m〉 = 〈11m± 1|111m

′〉〈j = 1||J1|j = 1〉
= 〈11m± 1|111m

′〉λ
= 〈1, 1,m,±1|1, 1, 1,m± 1〉λδm′m±1

=⇒ 〈j = 1,m
′ |J1

1 |j = 1,m〉 = 0 for m = 1

= − 1√
2
λδm′m+1 m = 0,−1

and

〈j = 1,m
′ |J−11 |j = 1,m〉 = 0 for m = −1

=
1√
2
λδm′m+1 m = 0, 1

Evaluating the same matrix element directly

〈j = 1,m
′ |J±11 |j = 1,m〉 = ∓ 1√

2
〈j = 1,m

′|J±|j = 1,m〉

= ∓ 1√
2

√
(1∓m)(2±m)~δm′m±1

=⇒ 〈j = 1,m
′ |J1

1 |j = 1,m〉 = 0 for m = 1

= −~δm′m+1 m = 0,−1

and

〈j = 1,m
′|J−11 |j = 1,m〉 = 0 for m = −1

= ~δm′m−1 for m = 0, 1

Both sets of values are consistent with each other and the fact that λ = ~
√

2. Thus,
these matrix elements are consistent with Wigner-Eckart theorem.

6. Evaluate
j∑

m=−j

|D(j)

mm′
(β)|2m

for any j (integer or half-integer), then check your answer for j = 1
2
.
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Soln: We can write

j∑
m=−j

|D(j)

mm′
(β)|2m =

j∑
m=−j

D
(j)∗
mm′

(β)D
(j)

mm′
(β)m

=

j∑
m=−j

D
(j)†
m′m

(β)D
(j)

mm′
(β)m.

using the de�nition D
(j)
mm′(β) = 〈jm|e−

iJyβ

~ |jm′〉, we have

=

j∑
m=−j

〈jm′|e
iJyβ

~ m|jm〉〈jm|e−
iJyβ

~ |jm′〉

using Jz|jm〉 = m~|jm〉, we have

1

~

j∑
m=−j

〈jm′ |e
iJyβ

~ Jz|jm〉〈jm|e−
iJyβ

~ |jm′〉,

using resolution of identity

j∑
m=−j

|jm〉〈jm| = I, we obtain

1

~
〈jm′ |e

iJyβ

~ Jze
− iJyβ~ |jm′〉.

Given the fact that operation e
iJyβ

~ Jze
− iJyβ~ represents a rotation by angle β about the

y−axis, we will have e
iJyβ

~ Jze
− iJyβ~ = Jz cos β − Jx sin β, so that

j∑
m=−j

|D(j)

mm′
(β)|2m =

1

~
〈jm′|Jz cos β − Jx sin β|jm′〉

= m
′
cos β.

Above we used 〈jm′ |Jz|jm
′〉 = m

′~ and 〈jm′|Jx|jm
′〉 = 0. Let us verify this for j = 1

2
,

for which

D( 1
2
)(β) =

(
cos β

2
− sin β

2

sin β
2

cos β
2

)
.

With this we have for m
′
= 1

2

j∑
m=−j

|D(j)

mm′
(β)|2m =

1

2
cos2

β

2
− 1

2
sin2 β

2
=

1

2
cos β,

and for m
′
= −1

2

j∑
m=−j

|D(j)

mm′
(β)|2m =

1

2
sin2 β

2
− 1

2
cos2

β

2
= −1

2
cos β.

Thus the result has been veri�ed
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7. Prove the following results for j = 1, using the corresponding representation of Jy

(a)

e−
iJyβ

~ = I − i
(
Jy
~

)
sin β −

(
Jy
~

)2

(1− cos β)

Soln: Using the expressions for the matrix elements of the ladder operators J±

〈jm′|J±|jm〉 =
√

(j ∓m)(j ±m+ 1)~δm′,m±1,

and then

Jx =
1

2
(J+ + J−)

Jy =
1

2i
(J+ − J−) ,

along with the fact that j = 1 and m = 0,±1, we obtain

Jy =
~√
2

 0 −i 0
i 0 −i
0 i 0


For even powers of Jy we have

J2
y =

~2

2

 1 0 −1
0 2 0
−1 0 1

 =
h2

2
A

It is easy to verify that

A2 =

 1 0 −1
0 2 0
−1 0 1

2

= 2

 1 0 −1
0 2 0
−1 0 1

 = 2A

=⇒ J4
y =

(
~2

2

)2

A2 =

(
~2

2

)2

2A = ~2J2
y

=⇒ J6
y = J4

yJ
2
y = ~2J2

yJ
2
y = ~2J4

y = ~4J2
y

=⇒ J2m
y = ~2m−2J2

y (8)

For odd powers of Jy

J3
y =

(
~√
2

)3
 0 −i 0

i 0 −i
0 i 0

3

=

(
~√
2

)3

2

 0 −i 0
i 0 −i
0 i 0

 = ~2Jy

=⇒ J5
y = J3

yJ
2
y = ~2J3

y = ~4Jy
=⇒ J2m+1

y = ~2mJy. (9)
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Now

e−i
Jyβ

~ =
∞∑
n=0

(
−iJyβ

n!~

)n
= I +

∞∑
m=0

(−iβ)2m+1

(2m+ 1)!

J2m+1
y

~2m+1
+
∞∑
m=1

(−iβ)2m

(2m)!

J2m
y

~2m

Using equations 8 and 9 along with (−i)2m = (−1)m, we obtain

e−i
Jyβ

~ = I − i
(
β − β3

3!
+
β5

5!
+ · · ·

)(
Jy
~

)
−
(
β2

2!
− β4

4!
+
β6

6!
· · ·
)(

Jy
~

)2

= I − i sin β

(
Jy
~

)
− (1− cos β)

(
Jy
~

)2

(b) Soln: On the RHS of the equation

e−i
Jyβ

~ = I − i sin β

(
Jy
~

)
− (1− cos β)

(
Jy
~

)2

,

we substitute

1 ≡

 1 0 0
0 1 0
0 0 1


Jy
~
≡ 1√

2

 0 −i 0
i 0 −i
0 i 0


(
Jy
~

)2

≡ 1

2

 1 0 −1
0 2 0
−1 0 1

 ,

to obtain the desired result

D(j=1)(β) =


(
1
2

)
(1 + cos β) −

(
1√
2

)
sin β

(
1
2

)
(1− cos β)(

1√
2

)
sin β cos β −

(
1√
2

)
sin β(

1
2

)
(1− cos β)

(
1√
2

)
sin β

(
1
2

)
(1 + cos β)


8. Consider a spherical tensor of rank 1 (that is, a vector)

V ±11 = ∓Vx ± iVy√
2

, V 0
1 = Vz.

Using the expression for D(j=1)(β) given in the previous problem, evaluate∑
q′

D
(1)

qq′
(β)V q

′

1 ,
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and show that your results are just what you expect from the transformation properties
of Vx,y,z, under rotation about the y-axis.
Soln: Let

V =

 −
Vx+iVy√

2

Vz
Vx−iVy√

2

 ,

then expression
∑

q′ D
(1)

qq′
(β)V q

′

1 implies matrix multiplication of the column vector V

by D(1)(β) matrix of the previous problem
(
1
2

)
(1 + cos β) −

(
1√
2

)
sin β

(
1
2

)
(1− cos β)(

1√
2

)
sin β cos β −

(
1√
2

)
sin β(

1
2

)
(1− cos β)

(
1√
2

)
sin β

(
1
2

)
(1 + cos β)


 −

Vx+iVy√
2

Vz
Vx−iVy√

2



=

 −
(Vx cosβ+Vz sinβ)+iVy√

2

Vz cos β − Vx sin β
(Vx cosβ+Vz sinβ)−iVy√

2

 .

From the RHS it is obvious that under the transformation

Vx → V
′

x = Vx cos β + Vz sin β

Vy → V
′

y = Vy

Vz → V
′

z = Vz cos β − Vx sin β,

which can be written as V
′
x

V
′
y

V
′
z

 =

 cos β 0 sin β
0 1 0

− sin β 0 cos β

 Vx
Vy
Vz

 .

This is precisely how the Cartesian components of a vector will transform under a
rotation by angle β about the y axis.

9. (a) Construct a spherical tensor of rank 1 out of two di�erent vectorsU = (Ux, Uy, Uz)
and V = (Vx, Vy, Vz). Explicitly write T±1,01 , in terms of Ux,y,z and Vx,y,z.
Soln: A vector which is bilinear in U and V the cross product of two vectors

W = U×V

= (UyVz − UzVy )̂i+ (UzVx − UxVz)ĵ + (UxVy − UyVx)k̂
= Wxî+Wy ĵ +Wzk̂.

12



Spherical vector components will be

T±11 = ∓(Wx ± iWy)√
2

= ∓(UyVz − UzVy)± i(UzVx − UxVz)√
2

and

T 0
1 = Wz = (UxVy − UyVx)

(b) Construct a spherical tensor of rank 2 out of two di�erent vectors U and V.
Write down explicitly T±2,±1,02 , in terms of Ux,y,z and Vx,y,z.

Soln: De�ning U±11 = ∓ (Ux±iUy)√
2

, U0
1 = Uz, V

±1
1 = ∓ (Vx±iVy)√

2
, V 0

1 = Vz, we have

T±22 = U±1V ±1

T±12 =
U±1V 0 + U0V ±1√

2

T 0
2 =

U+1V −1 + U−1V +1 + 2U0V 0

√
6

The expressions in terms of Ux,y,z and Vx,y,z can be obtained by substituting the
expressions for the components of spherical vectors U q

1 and V q
1 given above.

10. Consider a spinless particle bound to a �xed center by a central force potential.

(a) Relate, as much as possible, the matrix elements

〈n′ , l′ ,m′| ∓ 1√
2

(x± iy)|n, l,m〉 and 〈n′ , l′ ,m′ |z|n, l,m〉

using only the Wigner-Eckart theorem. Make sure to state under what conditions
the matrix elements are nonvanishing.
Soln: Let X±11 = ∓ 1√

2
(x ± iy) and X0

1 = z, then using Wigner-Eckart theorem
we have

〈n′ , l′ ,m′ | − 1√
2

(x+ iy)|n, l,m〉 = 〈n′ , l′ ,m′ |X1
1 |n, l,m〉 = 〈l1m1|l1l′m′〉〈n′l′ ||X1|nl〉

〈n′ , l′ ,m′ | 1√
2

(x− iy)|n, l,m〉 = 〈n′ , l′ ,m′ |X−11 |n, l,m〉 = 〈l1m− 1|l1l′m′〉〈n′l′ ||X1|nl〉

〈n′ , l′ ,m′|z|n, l,m〉 = 〈n′ , l′ ,m′ |X0
1 |n, l,m〉 = 〈l1m0|l1l′m′〉〈n′l′ ||X1|nl〉

Thus it is obvious that all the three matrix elements are proportional to the
same reduced matrix element 〈n′l′||X1|nl〉. Additionally, in all the three cases
the selection rule |l − 1| ≤ l

′ ≤ l + 1. Must be satis�ed. However, m selection
rules are di�erent. They are: (a) m

′
= m + 1, (b) m

′
= m− 1, and (c) m′ = m,

respectively.
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(b) Do the same problem using the wave function ψnlm(r) = Rnl(r)Y
m
l (θ, φ).

Soln: We know

〈n′ , l′ ,m′ |Xq
1 |n, l,m〉 =

∫
d3rψ∗

n′ l′m′
(r)Xq

1ψnlm(r).

On substituting the values of the wave functions, and using the fact that Xq
1 =√

4π
3
rY q

1 (Ω), in spherical polar coordinates we obtain

〈n′ , l′ ,m′ |Xq
1 |n, l,m〉 =

{√
4π

3

∫ ∞
0

r3R∗
n′ l′

(r)Rnl(r)dr

}{∫
Y m

′∗
l′

(Ω)Y q
1 (Ω)Y m

l (Ω)dΩ

}
In Eq. (17.74) of Merzbacher, the relevant angular integral is given∫

Y m3∗
l3

(Ω)Y m2
l2

(Ω)Y m1
l1

(Ω)dΩ = Nl1l2l3〈l1l2m1m2|l1l2l3m3〉

where Nl1l2l3 =

√
(2l1 + 1)(2l2 + 1)

4π(2l3 + 1)
〈l1l200|l1l2l30〉.

Using this we get

〈n′ , l′ ,m′|Xq
1 |n, l,m〉 = 〈l1mq|l1l′m′〉

{
Nl1l′

√
4π

3

∫ ∞
0

r3R∗
n′ l′

(r)Rnl(r)dr

}
,

which is exactly of the same form as derived in part (a), using Wigner-Eckart
theorem, with the reduced matrix element given by

〈n′l′ ||X1|nl〉 = Nl1l′

√
4π

3

∫ ∞
0

r3R∗
n′ l′

(r)Rnl(r)dr.

11. (a) Write xy, xz, and (x2 − y2) as components of a spherical (irreducible) tensor of
rank 2.

(b) The expectation value

Q ≡ e〈α, j,m = j|(3z2 − r2)|α, j,m = j〉

is known as quadrupole moment. Evaluate

e〈α, j,m′ |(x2 − y2)|α, j,m = j〉,

(where m
′
= j, j − 1, j − 2, . . .) in terms of Q and appropriate C-G coe�cients.

Soln: Both parts (a) and (b) of this problem are similar to problem 4, and
can be solved using the same approach.
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12. The magnetic moment of an atom is de�ned as

µ = − e

2mc
(gLL + gSS) ,

where e is the electronic charge, m is the electronic mass, c is the speed of light, L
is the total orbital angular momentum operator for the atom, S is total spin angular
momentum operator of the atom, and gL and gS are, respectively, orbital and spin
Lande g factors.

(a) Argue that the expectation value components 〈µi〉 = 〈αjj|µi|αjj〉, are propor-
tional to each other, where i denotes a Cartesian component
Soln: We know that the spherical components of µ in terms of its Cartesian
components are

µ±11 = ∓(µx ± iµy)√
2

µ0
1 = µz.

(10)

From Wigner-Eckart theorem we have

〈αjj|µq1|αjj〉 = 〈j1jq|j1jj〉〈αj||µ||αj〉, (11)

where 〈αj||µ||αj〉 denotes the reduced matrix element 〈αj||µ1||αj〉. Thus, the
expectation values of all the spherical components of µq1 is be proportional to
the same reduced matrix element 〈αj||µ||αj〉. Using Eq. 10, we can write the
Cartesian components of µ in terms of its spherical components

µx = − 1√
2
(µ1

1 − µ−11 )

µy = i√
2
(µ1

1 + µ−11 )

µz = µ0
1

(12)

Using Eqs. 12 and 11, we conclude that various Cartesian components of 〈µi〉 =
〈αjj|µi|αjj〉, are proportional to the same reduced matrix elements

〈µx〉 ∝ 〈αj||µ||αj〉
〈µy〉 ∝ 〈αj||µ||αj〉
〈µz〉 ∝ 〈αj||µ||αj〉,

which is the desired result.

(b) Using the projection theorem, prove that if gL = 1 and gS = 2, µ = 〈µz〉 is given
by

µ = − e~
2mc

gJJ,

where

gJ =

{
1 +

J(J + 1)− L(L+ 1) + S(S + 1)

2J(J + 1)

}
,
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and S, L, and J , respectively denote the total spin, orbital angular momentum,
and total angular momentum of the atom.
Soln: For gL = 1 and gS = 2, we have

µ = − e

2mc
(L + 2S) = − e

2mc
(J + S) ,

where J = L + S, is the total angular momentum operator. The projection the-
orem for a spherical vector operator Aq (see Eq. 108 of chapter 1) is given by

〈α′jm′|Aq|αjm〉 =
〈α′jm|J ·A|αjm〉

j(j + 1)~2
× 〈jm′|Jq|jm〉 (13)

Using this for A = µ, and q = 0 (note that A0 = Az), we obtain

µ = 〈αjj|µz|αjj〉 =
〈αjj|µ · J|αjj〉
~2J(J + 1)

〈jj|Jz|jj〉.

Above
〈jj|Jz|jj〉 = j~,

and

µ · J = − e

2mc

(
J2 + S · J

)
S · J = S2 + L · S

L · S =
1

2
(J2 − L2 − S2)

=⇒ µ · J = − e

2mc
(
3

2
J2 +

1

2
S2 − 1

2
L2)

Using the fact that

J2|αjj〉 = J(J + 1)~2|αjj〉
S2|αjj〉 = S(S + 1)~2|αjj〉
L2|αjj〉 = L(L+ 1)~2|αjj〉,

we have

〈αjj|µ · J|αjj〉 = − e

2mc
(
3

2
J(J + 1) +

1

2
S(S + 1)− 1

2
L(L+ 1))~2

=⇒ µ = 〈αjj|µz|αjj〉 = − e~
2mc

{
3
2
J(J + 1) + 1

2
S(S + 1)− 1

2
L(L+ 1)

}
J(J + 1)

J

= − e~
2mc

{
1 +

J(J + 1)− L(L+ 1) + S(S + 1)

2J(J + 1)

}
J

=⇒ gJ =

{
1 +

J(J + 1)− L(L+ 1) + S(S + 1)

2J(J + 1)

}
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