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Summary of the Chapter

In this chapter, first we will briefly review what you have learnt in
angular momentum algebra in the first part of this course. After
that, we will discuss rotation operators and their representations.
The theory will be developed for rotations about general axes, and
will make use of the Euler angles. Next important topic will be the
addition of angular momenta using the Clebsch-Gordon
methodology. For the purpose, the concept of tensor product
spaces will be introduced, and the operations of direct sum and
direct products will be defined. Using the theory developed,
Wigner-Eckart theorem, and its corollary, projection theorem will be
proved. Finally, the applications of these concepts will be discussed
in various problems in the tutorial sheets.



Introduction
Introduction

@ You studied the basics of angular momentum algebra in the
previous course (Q. Mech. 1), last semester

o We will first briefly review that

@ This will be followed by a discussion of rotation operators and
their representations

@ Next, we will introduce the concept of tensor-product spaces

@ This will allow us to develop the theory of the addition of
angular momenta

e Finally, we will prove the Wigner-Eckart theorem, and discuss
its consequences
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Introduction
Review of the basics

@ The angular momentum operator J is Hermitian vector
operator defined as

3= U044, + Jk, (1)

where J., J,, and J; are its three Cartesian components.

@ The Hermiticity condition
J=J7 (2)
implies that the individual components are also Hermitian

J=Jd5 Jy=J S =J] (3)
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Introduction
Review of basics...

e Additionally, the three components of the angular momentum
must satisfy the commutation relations

[ Jy] = ifi;
[y, Jz] = ifidx (4)
[z, Il = iBJ,

@ Which can be written in the compact form
[Ji. Jj] = ihejn i (5)

@ Using these commutation relations, one can show that the
operator J? = J2 +J§ +J2, with each individual angular
momentum component

[J2,J]] =0 (6)
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Introduction

Angular Momentum Algebra (contd.)

e Eq. 6 implies that J? and J; are simultaneously diagonalizable,
i.e., they have common eigenvectors

@ But, because different components of J do not commute with
each other (see Eq. 5), we cannot find their simultaneous
eigenvectors

@ Thus, by convention, we work with the simultaneous
eigenvectors of J? and J,, labeled |jm), satisfying

J2|jm) = j(j + 1) |jm)
Jeljm) = mhjm), 7)

where —j < m <.
o Kets |jm) form an orthonormal set

('m' | jm) = 8;,6,; (8)

JJj mm’
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Introduction

Angular Momentum Algebra Revision...

@ One can also show that the allowed values of j are

. 1 3
J207§a17§723"'7 (9)

and that successive m for a given j differ by one, i.e.,
m=m%1

@ Combining this with that fact that —j < m <, we conclude
that for a given value of j, there are 2+ 1 allowed values of
m, given by

_Jv_f+17_./+277.]_2a./_17./

@ Now, the question arises, what is the action of J, and J,
operators on the ket |jm)?
@ To perform these calculations, it helps to define the ladder
operators
Ji = Jxidy. (10)
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Introduction

Angular momentum algebra revision...

o It is easy to verify that the ladder operators are not Hermitian
J= e (11)

@ One can write J% operator in terms of them
= %(J+J,+J,J+)+J§. (12)

@ Using the commutation relations (Eq. 5) one can show that

Jeljm) = /(i —m)j+m+1)A | jm+1)
J_ljim) = \/(+ m)( — m+ 1)hljm —1).

@ Or in short

Jeljm) = GFmGEm+ DA jm+1)  (13)
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Introduction
Revision of Angular Momentum Algebra

@ In other words the action of J/J_ on kets |jm) leaves j
unchanged, but increments/decrements the m values by one.

@ Using Egs. 13 and 10, one can easily obtain the action of
Jx/Jy operators on the ket |jm)

@ It is fruitful to make the following comment at this stage

@ J;s refer to the Cartesian components of a general angular
momentum operator

@ In practice, J; could be the orbital angular momentum
operator L;, or the spin angular momentum operator S;, or the
sum L; + S; of the two.

@ Or it could refer to an entirely different kind of angular
momentum

@ Any operator which satisfies the commutation relations of Eq.
5, will have the properties of a quantum angular momentum
operator
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Introduction
Generator of Rotation

@ Let us consider a general vector V, which could represent any
vectorial physical quantity such as position r, momentum p etc.

@ We will be interested in studying how a given vector
transforms under a rotation

e For rotations, we can adopt a “passive” view or an “active”
view.

@ Under the “passive” view, the coordinate system (i.e. the
coordinate axes) are rotated, keeping the vector fixed, and
then we study how the vector transforms as a result

@ In the “active” view, on the other hand, we hold the coordinate
system fixed, and rotate the vector instead, and study its
transformation properties
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Introduction
Generator of Rotation...

@ Let us consider a system with Hamiltonian H

@ We rotate the position vector r by an angle ¢ about an axis
oriented along the direction 7.

@ That is, we are adopting an active view of rotations.

o Let R denote the operator representing this rotation, under
which r — v/
' = Rr

@ As a result, in the r-representation, the Hamiltonian operator
H(r), as well as a general wave function a(r) also transform

H(r) — H'(r)

a(r) — a(r) (14)

@ One can define these transformations using a unitary operator
corresponding to the rotation R
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Introduction
Generator of Rotation...

In the state space (Dirac representation), the corresponding
unitary operator is denoted as Ug

Its action on the Hamiltonian H and a general ket |a) is given
by
Hg = UrHU};
R R R (15)
@)k = Urla).

Note that Hgr and |a)g are the corresponding transformed
quantities after the rotation R has been performed.

Eqs. 15 are the state space counterparts of Eqgs. 14.

One can show that the unitary operator Ug is given by
UR = ei%J'ﬁq), (16)

where J is the vector angular momentum operator defined
earlier.
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Representation of the Rotation Operator

@ Because J appears in the formula of the rotation operator, it is
called the generator of rotations

@ This is similar to the unitary operator U(r) which defines a
translation by a vector r

U(r) = e #°",

where p is the linear momentum operator.
@ Thus, p is said to be the generator of translations.

@ We know from linear algebra that the matrix corresponding to
a linear operator in a vector space, with respect to a chosen
basis, is called its representation

@ We are interested in obtaining the representation of the Ug
operator in the state space, with respect to the basis

{|Jm>vm: *Ja./}



Rotation Matrices...

@ The matrices representing Ug with respect to the chosen basis
are called rotation matrices

@ Let us obtain the expressions for the elements of the rotation
matrices

@ Using the resolution of identity (Zm/—ﬁ m'y (jm'| = 1), we
obtain

Uglim) = Y |jm') (i |Ug]jim).

m=—j

@ Defining the rotation matrix elements as

DY) (R) = (jm' |Ug|jm)

m
= <Jm/

Ugljm) = Z pY) (R)|jm). (18)

m=—j

efgj-mu

jm>’ (17)

we obtain



Rotation matrices...

e From Eq. 17 it is obvious that the elements D,(rj,,)m(R) define
the representation of the rotation operator with respect to the
chosen basis, i.e., the rotation matrices.

@ It is obvious that computing D,(TJ;,)m(R) for the most general
rotation will be complicated

@ However, for a rotation about the z axis (i = IA<) the matrix
elements have a very simple form, as derived below

)

DY) (R) = {jm
)

<f’"'
;;mﬁ(]) ‘Jm>

e —im¢ <_jm/[_[m>
eflmd)6m/m

i
e #0

ef%JZ




Rotation matrices through Euler Angles

@ In the derivation we used the relation
f(Jz)lim) = £(mh)|jm),

where f(J;) is an analytic function of J;.

@ The result can be easily proved by making a Taylor expansion
of f(J;), and the fact J;|jm) = mh|jm).

@ Rotations about a general axis can be simplified a great deal
by borrowing the concept of Euler angles from rigid-body
dynamics

@ Using the concept of Euler angles or Euler rotations, a general
rotation can be expressed in terms of three counter-clockwise
rotations by angles a, B, and y (called Euler angles)

@ The first rotation by angle & is about the original z axis
@ The second one by angle 8 is about the new y axis

@ The final one by angle y is about the new z axis.



Introduction
Rotation matrices using Euler angles. ..

@ Note that here we are rotating the coordinate system, which
means these are “passive” rotations

o If the initial axes are defined as (x,y,z), intermediate ones by
(x",y",2"), and the final ones by (x’,y’,Zz’), then it is obvious

i nol -0 i 5
Ugr = e #17de 5B7 I g=502 (19)

Using the following mathematical trick, one can transform Ug
into a form which involves rotations only about the original

(unprimed) axes.
@ The involves the realization

i

o iP5 —iBop ias
e By ~J:e—hazJe hByJehazJ’ (20)

3~
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Introduction
Rotation matrixes using Euler angles...

@ and . .
LR T P N (21)

@ On substituting Eqgs. 20 and 21 in Eq. 19, we obtain the
desired expression

UR:ef"(x e hByJ '}/z»J
= e_%a‘lze_ﬁﬁ-’ye_’ﬁyjz (22)
@ This leads to a much simpler expression for a general rotation

atei >
)

D,(,J;/)m(R) = <jm' e 70z e hBly o= 57
,ﬂh (J4—J2) ‘_jm> (23)

—imo —i . _i

e Mo, lmy<Jm/ e rBJy
- . .

71ma571m7<
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Introduction
Rotation matrices

@ One can also verify the following symmetry properties of the
rotation matrices

*(aﬁy) DY) (~v.—B,~a)

O @By = (1) nggn,_ @By Y
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Orbital Angular Momentum and Rotation Matrices

e If j =1, where [ is a non-negative integer, we have

(r[Im) = Yim(6,9), (25)

@ Above Y,,(0,9) is a spherical harmonic, an eigenfunction of
the L2 and L, operators

L2|Im) = I(1+ 1)K |Im)

(26)
L,|Im) = mhAl|Im)
o Let us explore the influence of a rotation R on spherical
harmonics.
|Im)" = Ug|Im)

/

= Z (Im'|Ug|Im)|Im")

m=-—]

S0

= Z Dm’m(R) |/m/> (27)

m=—1



Introduction

Orbital angular momentum...

@ On taking the projection of Eq. 27 in r space, we have

(rlim)’ =Y. D (R)(r|im'),

leading to
Vin(@.0) = ¥ DO (RVim(6.0) (29
m=—1

where (0,¢) and (6’,¢’) denote the coordinates of the same
point in space, but with respect to the initial and the rotated
coordinate axes.
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Orbital angular momentum...

@ Using the unitary property of the rotation matrices, one can
easily invert Eq. 28 above to obtain

!
Yim(6,0)= Y. DV (R)Yim(6',4"), (29)

m=—|

@ For a point on the z/ axis, 8’ = 0, while for the same point
0 = B and ¢ = a. Using this, and the fact that

; n_ 2/ +1
Yim (0 _0,<;>)_\/—47r 0o, (30)

we obtain from Eq. 29

Ylm(Baa): m’:—lD (R) %Sm@v

DY (R) =[5 Yim(B, @) (31)

leading to



Orbital Angular Momentum...

@ Using Egs. 28 and 31, we can prove another interesting result

@ For the purpose, we set m=0 in Eq. 28

/

WO(ela Z Dm/o Ylm’(e )
m=—/
4 ! N
@ Using the fact that Yjo(0’,¢') = 2fl—J;rlP/ (cos@’), we obtain
from above
4n Lo
Py (cos®') = Y Vim(B.a)Yim(6,9),  (32)

20+1 =,

which is a very useful mathematical result called “addition
theorem of spherical harmonics”.



Direct Sum and Direct Product Spaces

@ Suppose we have two vector spaces &1 with basis
{lai), i=1,...,n} and &> with basis {|b;), j=1,...,m}

@ Using the operations of direct sum and direct product one can
construct larger dimensional spaces, as compared to the
original spaces, as explained below.

@ Direct Sum: The direct sum space of & of & and & is

defined as
E=8DE, (33)

above @ sign indicates the operation of direct sum. The vector
space & has dimension n+ m, with the ordered basis

{la),la2),---|an), |b1), |b2), ... [bm) }



Direct sum...

@ Next, we demonstrate the operation of direct sum for the case
of two vectors
@ Let us consider two kets |v) € & and |u) € &, so that

m (34)
|U> = Z uj‘bj>7
j=1
@ These two kets can be expressed as column vectors
Vi
v) =
V
’ (35)
u
u) =

Um



Direct sum...

@ Then the direct sum of the two vectors w = v @ u, can be
represented as the column vector

Vi

Vn

(36)
up

g
Il

Um

@ For linear operators A: 81 — &1 and B : 6, — &5, represented

as
di1 ... din

A= | 20 @ (37)

dnl ... Aapn



Direct sum...

@ and

b11

bml

blm

bmm

(38)

@ the representation of C =A® B, where C: & — & will be

0
Il

ai

dnl
0

aln

ann

0

0

(39)



@ In a shorthand notation, one can write Eq. 39 as

CE(OAT g), (40)

where O denotes a n x m dimensional null matrix.



Direct/Tensor Product

@ The direct (or tensor) product space of &1 and & is denoted as
E=E 68, (41)

and is an nm dimensional space with the ordered basis
{lai)®|bj),i=1,....n;j=1,....,m}.
@ Various notations used to depict the direct product basis are

|ai) @ |bj) = |ai)|bj) = |aiby). (42)

@ Similar to direct sum, one can have the direct product of two
vectors, as well as two operators belonging to state spaces &1
and (532 .

@ Let us consider two kets |v) € & and |u) € &, defined in Egs.
34 and 35.



Direct product of vectors

@ The direct product of these two kets |w) = |v) ® |u) is defined

as .
Z ujlaibj).

@ For the chosen ordered basis, the representation of |w) is

W) =1v)

||M=

viul

Vilim
vouy

Volm

Vply

Vnlim



Direct product of operators

@ Let us again consider linear operators A: & — &1 and
B : & — &>, whose representations with respect to the given
ordered basis are given by Egs. 37 and 38.

@ The matrix elements of A and B are given by A; = (aj|A|aj)
and By = (b|B|by)

@ Let us compute the matrix elements of the operator
C : & — & which is the direct product of A and B

C=A®B.
@ So that

C,'k;j/ = (ajbx|A® B|ajb/>
= (ai|Alaj) (bk|B|by)
= AjjBy. (44)



Direct product of operators

@ Assuming the ordered basis to be the same as considered
earlier for direct product of kets

{|a1b1>, ey |a1bm>, |82b1>, ey ’azbm>,. cey |a,,b1),. cey |a,,bm>}
o We obtain the following matrix representation of C

allB al,,B
C={ + = | (45)
a,,lB a,,,,B

where a;;B is the matrix obtained by multiplying each element
of the B matrix by aj;

a,'jb11 a,-jblm
ajjB = : : : - (46)

ajjbmy -+ ajjbmm



An Example of a Direct Product of Matrices

o Let us illustrate the procedure of computing the direct product
by considering an example involving 2 x 2 matrices.

< ain a2 >

an  an

( b1 b2 )
bo1 b

@ So that C =A® B is given by

@ Let n=m=2, so that

A

B

anbir annbiz abin anhi2

anbyr aiibx apbor  anh
C =

axibi1  anibip axbi1 axnbio

axbyr  axiby axbor axbn



Addition of Angular Momenta

@ Suppose we have two distinct angular momenta J; and Jo,

which may belong to two different particles of a given system

Or may correspond to two different types of angular momenta
(say L and S) of the same particle

Let J; and J; belong to state spaces &1 and &

Then the total angular momentum J obtained by adding J;
and J> will be symbolically denoted as J =J; + J»

But, as we know that & and &> are different spaces with
different dimensions, in general.

Therefore, we cannot simply add quantities belonging to
different state spaces



Addition of Angular Momenta...

As a matter of fact J belongs to the direct product space
E=ER6E.

We will show that the mathematically rigorous manner of
adding the two angular momenta is

J=hoh+h®Js, (47)

where h € & and h € &, are the identity operators.

Let us consider a rotation by an angle ¢ about an axis oriented
along the direction 7.

Because J is the angular momentum operator in the direct
product space & = & ® &, therefore it must generate
rotations in that space

UY) = e ibho. (48)



Addition of angular momenta...

o Similarly, J; and J, are generators of rotations in spaces &1
and & , as a result of which

YD — oo

. 49
U’(_\’gz) — e Fl2h9 (49)

@ Because, & = & ® &, therefore
U = U5 0 Ug?, (50)

which implies that

e hI0 = om0 g o= filahd (51)



Addition of angular momenta...

@ The RHS of the previous equation (Eq. 51) can be rewritten as

e 10 ®e—L,;J2.ﬁ¢ _ (e_L,;(h@/z)m)(e—g(h@h).m)

_ e—%(J1®12+/1®J2)'ﬁ¢
@ The last step above was possible because J; and J; commute
with each other, as they are in different spaces. This, on
substitution in Eq. 51 leads to
—L)h¢

e #IM0 _ o—f(J10k+h©)2) R (52)

@ On comparing the two sides, we obtain the desired result of
Eq. 47
J=11b+h®Js.
@ As mentioned earlier, this result is often written in an informal
manner as a simple addition of J; and J» operators

J=1J1 4. (53)



Addition of angular momenta...

o Because [J1,Jo] =0, therefore, it is easy to prove that J? and
various components J; satisfy the same commutation relations
satisfied by J12, N, J22, and J;

(2, 0] =0

[J,‘,Jj] = iﬁS,‘ijk (54)
e Eq. 54 implies that there exists a basis |jm) which are the
common eigenvectors of J2 and J,
J2 . _ h2 (41 .
ym) = /G +1) [ jm) (55)

Jz | jm) = mh | jm)
e But it is easy to see
[J12>JZ]:[J22aJZ]:[J27J12]:[J27J22]:O (56)

@ This means that |jm) states must also be eigenvectors of J?
and J3 operators, in addition J2, and J,

J2|jm) = j1 (j1 + 1) K | jm)

21im) = jy G + 1) 1 Ljm) (57)



Addition of Angular Momenta...

@ Therefore, we adopt the notation

| jm) = |jijajm), (58)
which indicates that these states are eigenvectors of operators
of J2, J3, J2, and J,.

o Clearly, states |j1jojm) € &, which is a direct product space

e But, direct product states |j1jomimy) = |j1m1) @ |jamy) also
belong to &

@ Therefore, the two sets of states must be related to each other
by a unitary transformation, because both form orthonormal
sets, and span the same state space &

</{J£J "'m' Lj1jajm) = 6./{]1 6J'§J'2 6]’] m'm

L N (59)
(jida my mb|jijamima) = 8 S i, St my Oy s



Clebsch-Gordon Coefficients

@ To establish the connection between the states |jij>jm) and
lj1j2m1mz), we make use of the resolution of identity for fixed
values of j; and j»

J1 J2
= X X isamima) (rjzmymal, (60)

my=—j1 ma=—j2

and apply it on the state |j1jojm)

Urj2jm) = 1j1j2jm)
= Y Luemme){ijpmimaljijojm).  (61)

my,mg2

@ From Eq. 61, it is obvious that the two sets of states are
connected by expansion coefficients (ji jomyma|jijajm), called
Clebsch-Gordon coefficients

@ Next, we will study their properties, and develop approaches
for computing them.



Clebsch-Gordon Coefficients...

@ Let us apply J; = J1,+ J>, operator on both the sides of Eq.
61

Jeljijajm) =Y (12 + Joz) ljrjprmma) (jajo m mo jijojm)

my,ma

@ This leads to

mhljijajm) =Y (m+mo)Aljjamm) (jijam maljijajm).

my,my

e Taking the inner product of this equation with |j;jomjm}) on
both the sides, and making use of the orthonormality relations
(Eq. 59) we obtain

m(jijamy my|jijojm) = (my + mj)(jijamy my|jijojm)
= m{jijamyimy|jijajm) = (my + mz){jij2m mal|jij2jm)



Clebsch-Gordon Coefficients...

o Leading to
(m —my — m2) (jijzmimzljijajm) = 0.
o Clearly (jijom ma|j1jojm) # 0, only if
m=my + my. (62)

@ This formula is called “conservation of m” or “m selection rule”

@ This implies that only those Clebsch-Gordon coefficients
(CGCs) (jijamima|jij2jm) will be non-vanishing for which
m=m+nm



Recursion Relations of Clebsch-Gordon Coefficients

@ Next, we apply J; and J_ operators on Eq. 61 to derive
important recursions relations involving CGCs.

o Note that here
Ji = s+ by (63)

o With this

Jelfjajm) =Y (J1s + Jox)ljriarm ma) (rjarm majijajm).

my,mo
(64)
@ But, using Egs. 13, we obtain

Jeljijojm) = /(G F m)(j £ m+ 1) | jijojm+1)
(S + Jos ) rjpmima) = /(jr F mu) (ju £ my + 1) Alj1jamy £ 1mo)

+/Uo F m2)(jo £ mo + 1) filjs jomymp 1)
(65)




CGC Recursion Relations

@ Substituting Eqgs. 65 in Eq. 64, we obtain
VUFm)GEm+ 1) | jijjmE1)
= Lo e { V0L 1)t £ o+ 1) ljjormy = 1ma)
++/ (2 F m2)(ja £ mp + 1)Aljjamimy £ 1>} (Lj2myma|jijojm)
(66)

e \We take the inner product of Eq. 66 with |jijom}m}), and use
the orthonormality relations of Eq. 59 to obtain

VUFm)GEm+1)(jijomimy | jijajm+1)
= ZmlJ”z {\/(-/1 + ml)(jl +m + 1)5m’1m1115m’2m2
/U2 F m2)(j2 £ m2 +1) 8y my 6m’2m2:|:1} (jujamyma|j1jojm),

which leads to

VUFm)GEm+1)(jipmimb | jujzjm 1)
= /(L F m} +1)) (1 £ m}) (jujam} F Lol j1jajm)
++/ (2 F mh + 1)) (2 £ mb ) {jrjom mb F 1| jjojm)




CGC Recursion Relations

@ Next, we just replace mj and m) by my and mo, respectively,
to obtain the final expression for the desired recursion relation

VUFm)G£m+1) (ijamms | jjzjm+1)
=/ (h£m)(s Fm +1) (jrpm F1my | jupjm)  (67)
+v/ (2 £my) (o F mp +1) (jijpmimy F1 | jijojm)




Calculating CGCs using Recursion Relations

@ Using recursion relation of Eq. 67, one can compute, for a

given set of ji1, j», and j, all non-vanishing CGCs, in terms of
just one of them.

@ Let us choose maximum allowed values for m; and m:
m=j,m=j

@ Andlet my=j—j—1

@ Substituting these in Eq. 67 with the lower sign, we obtain

VNG =i +1) Gujajif — o — 1| jujaij — 1)
= /(1 =) (1 + 1+ 1) Gujoji + 1 — j1 — 1| jujii)
Vo —G—h =)o +)—h—1+1) (rjojif — i — 1+1 | jujoif)




Calculations of CGCs...

@ We note that the first term on the RHS of the previous
equation vanishes, as a result of which we obtain

Ui~ 1| s~ 1)
i 1)t —] .. . I 11

(68)

@ From Eq. 68 we can compute the CGC
Uajrj —j1 — 1| jijagj — 1), provided the value of
(Urojij — v | jij2jj) is known

@ Let us again use the recursion relations of Eq. 67, but using
the upper sign, and m; =13, m=j—1,and my =, —j

VGi=0G=-1)G+0—-1)+1) (jjr — 1 | jj(G— 1) +1)

= /(1 +4)01 — A +1) (ujojt — 1 — 1 | jujoij — 1)
V2 +i =) (o= G—jr) + 1) Gjojij —jr — 1 | jujodi — 1)




Calculations of CGCs...

@ This simplifies to
= V21 (2t — Y —ji [ jij2jj — 1)
/U2 +j—1) U1 +jo—j+1) Grjojrf —jr — 1| jujodj — 1),

leading to the final form
(i =1 = | ju2j —1)
= /£ o — | o) (69)

ot i—i ) 1tp—i+1) o e o -
_\/(Jz+1 Jl)gJJ;lﬂz it )(/1.12J1J — =1 jjpjj—1).

@ Thus Eq. 69 allows us to compute the CGC
Uifot — 1 —j1 | jijpg — 1) if we know the values of
Urjaid = | idzii) and (i) — i — 1| juif — 1)

@ Thus, using the recursion relations (Eq. 67) we can compute
all the CGCs, provided we know the value of

Uriord — 1 | juj2df)-



Triangular Inequality of CGCs

@ Let us derive another important selection rule for CGCs, which
allows us to compute all allowed values of j, for the given
values of j; and .

o Let us consider the CGC (jijoj1j —j1 | jijokif)
@ Because j —j1 is a possible value of my, therefore, it must

satisfy
—R<j—j <)z
from which we obtain
A= <j<j+) (70)
e Similarly, if we consider the CGC (j1joj — joj2 | jij2if), we have
—n<Jj—R<ih,

leading to
R—n<j<jn+p. (71)



Triangular Inequality...

@ We can combine the results of Eqs. 70 and 71 in a single
inequality
=2l <Jj < i+, (72)
which is the famous triangular inequality.

e Triangular inequality is nothing but a selection rule for CGCs,
in addition to the “m selection rule” derived earlier.

o If for a given pair of values of j1 and j», j does not satisfy
triangular inequality, the corresponding CGC will surely vanish.



Orthonormality Conditions of CGCs

@ Next we derive two orthonormality conditions satisfied by the

CGCs

@ They are quite important, although both of them can be
derived quite easily using the “resolution of identity”.

e We know from Eq. 59 that
(o) m'|jLjajm) = 81 Spym.

o We apply the resolution of identity
Zml,mz \j1j2m1m2>(jlj2m1m2] =/ on the left hand side of the
equation above to obtain

Y Gujai' m' 2 mima) (jizmymaljijzjm) = 8j8mym

my,mz

@ Assuming that the CGCs are real, i.e.,

(rjoj m'|jrjamyma) = (rjamimaljijaj’ m')



Orthonormality of CGCs...

@ Using this in the previous equation, we obtain the first
orthonormality relation of the CGCs

Y. Guamumaljujzjm) (rjammaljijaf' m') = 8;j8mm.  (73)
miy,myp
@ Next, we derive the second orthonormality relation starting
with (Eq. 59)
(Jrj2mym)jijamima) = St my Srrtym
o We insert the resolution of identity ¥'; o, [j1j2jm) (jij2jm| = I on
the left to obtain
Y Gvjamh mbjujajm) (jujaim|jrjam ma) = Sy Spngm, -
j,m

@ Again using the reality of CGCs, we obtain our final
orthonormality relation for CGCs

Y (rjamimyljrjajm) (am moljj2jm) = Sy my Spym,- (74)

J>m



Orthonormality of CGCs...

@ From Egs. 73 and 74 it is obvious that CGCs form a unitary
matrix

@ Orthonormality condition of Eq. 73 and recursion relations
(Eq. 67) are used to compute the CGCs (j1jaj1j —j1 | jijoif)
which by convention are assumed to be real and positive.

@ Rest of the CGCs can be obtained by further applications of
the recursion relations, as will be demonstrated in the tutorial
problems.



Clebsch-Gordon Series

From the previous discussion it is easy to deduce that the
number of direct product (or uncoupled) basis states
ljijomimy) € & = 61 ® & is identical to the number of coupled
states |j1j2jm), which also belong to &

The number of direct product basis states is easy to count
(2j1+1)(2/2+1). You will get the same number in the
coupled representation also (try it yourself).

This is because the two sets of states are connected by a
unitary transformation whose matrix elements are CGCs

There are several consequences of this, which we explore next

The resolution of identity in the two basis sets must be
identical, which means

jl j2 . . . . jl +j2 j . . - . . .
Y Y lemm)(ipmme= Y Y |jaim) (iaiml.
my=—j1 m2=—j2 i=li—jp|m=—j

(75)



Clebsch-Gordon Series...

o If we examine the RHS of Eq. 75 carefully, we realize that each
one of the kets |j1jojm) belongs to a 2j +1 dimensional space.

o And different values of j correspond to a different space, which
is a subspace of &.

@ As a result, the sum on the RHS of Eq. 75 is actually a direct
sum, i.e.,

i ij_ JzHZ’ —j bijzjm) {jrsajm|
—Z,ﬁ_nh_m U2l = salm) (alin — Ja|m|
@La T el — 2+ 1m) (ol — o + 1ml

- @Zjlﬂz (ot jo) WL2J1 12m) (uj21 +j2m|

(76)



Clebsch-Gordon Series...

@ Each term in the direct sum of Eq. 76 corresponds to
resolution of identity in that subspace

o If we adopt the notation

J
Y. liaim){jijajm| = Ij, (77)

m=—j
@ then the Eq. 76 can be written as

it J o o
Y Y lm)uaim| =y @y ©
j=lirlm=—

"‘@/_,'14_1‘271 @/jﬁ-.iz’ (78)



Clebsch-Gordon Series...

@ Similarly, we can write the identity of the uncoupled
representation (see the LHS of Eq. 75) as

Limy=—jp Emy=—jp bit2mma) (jj2mi mo|
= (ZJ,,ZI:,J-I \j1m1)(11m1!> ® <):J,,212:,j2 |sz2>0'2m2|> (79)
=1, @1

e Finally, by combining Eqs. 75, 78, and 79, we have the result

i@l =1 @l 1D ® 11D yj. (80)



Clebsch-Gordon Series...

@ Because the direct product of two identity matrices (on the

LHS) is an identity matrix, we can write the previous equation
in the matrix form

1 0]

1

1
0] 1
(81)
IUl — a2 0
IU1 —j2|+1
Ijl +j2—1
(0]

liv+i>

where, on the LHS we have an identity matrix of dimension
(2j1+1)(2/2+1), and on the RHS, /; denotes an identity
matrix of dimension 2j+ 1. Furthermore, on both the sides O
denotes a null matrix block of appropriate dimensions.



Clebsch-Gordon Series...

o A similar result holds for the rotation matrices in the two bases

D(fl)(R) ® DUz)(R) — DUI*J.Z‘(R) @ D|J'1*j2\+1(R) @
© DAY (R) g DAHR(R). (82)
@ The RHS of the previous equation implies a block-diagonal
nature of the rotation matrix in the coupled basis, which can

also be expressed in the matrix form similar to the case of
identity matrix (Eq. 81)

DU1)(R) ® DU2)(R) =

plir—j2| 0
D|j17j2|+1 (83)

Dirti—1
0 Dtz



Clebsch-Gordon Series....

@ As a matter of fact, the main reason behind the validity of
results such as Eqs. 80 and 82 is that the direct product space
&j, ® &}, is a direct sum of the corresponding smaller subspaces

& @Ejy = 6l jp| DEljy |41 D D 41D Efy 1y (84)



Examples of Block-diagonal Matrices

@ We give examples of a couple of block-diagonal matrices A
and B below, and how they can be written as direct sums

1 200

3 400
A= 0 0 5 6

0 0 7 8
(Lt 2 (56
3 4 7 8
=A18 A

with

1 2 5 6
A1:<34>andA2:(78>

This means that the operator A is block-diagonal w.r.t. to the
chosen basis in the original space &, which can be written as
the direct sum of two 2-dimensional spaces &1 and &>

E=8E1DE.



Examples of Block-diagonal Matrices...

Let B be a 5 x5 matrix

1230 0
4560 0

B=|7890 0
0001 -1
000 3 -2
123

=1 456 ea(;:;)
789

=B ® B,

Here clearly the 5-dimensional space & can be written as a direct
sum of a 3-dimensional subspace &1 and a 2-dimensional subspace
&

E=EDE



Clebsch-Gordon Series: Proof

@ The exact mathematical form of the Clebsch-Gordon series,
which is equivalent to Egs. 82 and 83, is

p%) (R)DY) (R)= .
TETE 5 g fams malis i) G o i) D) (R)
(85)
Proof:

@ In order to prove the result, we start with Eq. 50
U( ) _ U(fo@l) ® U(Omz)
whose matrix elements in the uncoupled basis (direct-product
basis) are
(i my | US jrjamyma) = (jjpmimb| USY @ US? |y jormy my)
= (um} | US™ rmy) Gamb | U™ jam)
_ D(Jl) (R)D(jz) (R)

mjm mlymy



Clebsch-Gordon Series: Proof...

@ Using the resolution of identity in the coupled basis
Yjm Ui1j2jm) (jijajm| = I on the LHS of the previous equation
two times, and interchanging LHS and RHS, we obtain
(1) (2) _
D~ ml(R)Dm,2mz(F\’) =

Y -t G2 mh o’ i) (g m U [ agm) (jajajm ooy mo)
@ On using the reality of CGCs
(rjajm|jjamima) = (jijpmimz|jijajm), and
(o' m |US jujojm) = 87;0Y) (R),
we obtain the desired result

D(h) (R) Jz) (R) =

mm2

i ij o) Zim ey Grzmumz|jijajm) (i my mo|jujajm') DY) (R)



Tensor Operators

e We will first discuss vector operators, and then generalize the
discussion to define the tensor operators.

@ Let us assume that there is an operator A, called a vector
operator, because its expectation value rotates as per rules of
transformation of a vector, under an active rotation R.

o If the system is in state |y) we know under the rotation it will
transform into |y’) as

W) = Urly)

o If & is an arbitrary unit vector, then clearly A.2 is a scalar and
hence its value will be invariant under the rotation

(vlAely) = (v'|Aely)
(V| UrA.2UL|Y) = (v'|A.e|y)
UrA.2Uf, = A.¢e (86)



An example of an operator of the form A.&

@ As an example, let us consider

A=58=0,1+0,)+0.k
1“‘+ f“‘+ 1 7
Lot 1
NV NV

e =

then clearly



Tensor Operator(contd.)

@ 2 transforms into €’ after the rotation. But, in a Cartesian
basis

& =) Rijé; (87)
J
@ Upon substituting this above, we obtain

Y UrAcULé =Y Aé]
k i

Y UrAcULé =Y Y AiR;jg;
k i

o Comparing coefficients of & on both the sides, we have

UrAjUg = Y AiR; (88)

@ Let us consider an infinitesimal rotation about an axis 7, by an
angle. Then, to the first order

Up = efi(;-ﬁ)e ] I(J;)g

(89)



Tensor Operator(contd.)
@ One can show that under such a rotation, to the first order in €
e ~é+ehxe+0(e?) (90)
e Substituting Eq.(90) and Eq.(89) in 86, we obtain

(/ - i(j'ﬁ)g)ﬁ.é(/ + i(j'ﬁ)e) —AeteA(nxe)
-

hi h

o Neglecting terms O(&?), and comparing other terms on both
sides, we obtain

2\3 —eAx A

3>

)>l

?J

By \

>l
«l
S

] — ihf X A (91)

A

@ Using Einstein convention, we have
J.n = ZJjnj = Jjnj
'




Tensor Operator(contd.)

o Also,
(7 x A)i = gijchjAg

@ On substituting these above for the i-th component of Eq.(
91), we obtain

[A,',Jj] = iﬁSijkAk (92)

@ Note that this is a very profound general relation satisfied by a
vector operator A

@ Unlike Eq. 88, this relation (Eq. 92) does not depend on the
nature of rotation (rotation axis, or the angle of rotation) in
any way.

@ It just involves commutation relations of various Cartesian
components of A with Cartesian components of the angular
momentum operator



Tensor Operators: Definition

@ Next we define a tensor operator as a generalization of a
vector operator.

o We saw that a vector operator A transforms according to
Eq.(88) under a rotation.

@ We define a spherical tensor operator T,/
(gq=—k,—k+1,...,k—1 k) of rank k as the operator which
transforms according to the rule

k !
UrTiUL= Y TZDW(R) (93)
q'=—k




Tensor Operator(contd.)

@ According to this definition, an object of rank k=1, is a
spherical vector. Let us see how Y;"(6,¢) transform for / =1.
We saw earlier

/
Y/(e,¢') =Y, Y(6,0)D) . (94)
m=—1

o where Y/"(0',¢’) is the same function with respect to the
rotated coordinate system. Noting that

Ur Y/m(97¢)U;> =Y/"(6",9')

e we find that Eq.(93) and Eq.(94) have the same form. Thus
Y!'s are tensor operators of rank /. Coming back to the case
of | =1, we have

YEH6,9) = ¢\/8Tneii¢ sin@
= $\/?<sin O cos¢ £isin Osinq))
8



Tensor Operator(contd.)

@ Which can be expressed in terms of Cartesian coordinates

Yit(0,9) ﬂF\/g?x(Xj:iy) (05)

3 3z
Ylo(e,qb):,/Ecose:,/H7

@ So for this case Eq.(94) yields

X'+ X =iy X+iy  x—iy\ (1)
(_ 2 T )_(_ N ﬂ)D(R)

@ Using this, we can define the components of a spherical tensor,
when the Cartesian components of a vector operator are given

(96)

A LA,
V2 (97)

T =7

T =A,



Commutation Relations

@ For an infinitesimal rotation of angle €, about an axis along
the direction A, we have from Eq.(93)

(l—%j.fw)T,f’( +o Jne) Zk; kq\l——Jnsykq>

@ Above we used the fact that D( L(R) = (kq'|Ur|kq), and for

an infinitesimal rotation Ur =~ I — ,;J.ﬁs

= T{+ [T, J.le+ 0(e?) = T"—fe Y T (ka'|J.Alka)
g'=—k

k
=|[A.J, T]]= Z T (kq'|n.Jd|kg) (98)
q'=—k




Commutation Relations(contd.)

e Taking 7 = k, we obtain above

[z, T{1 = gAT) (99)

e and A=nhy =7+i], so that
Jh=Jg
@ and using the fact that

Jilkg) = v/ (kF q) (k£ q + 1) kg 1)

@ we obtain

[, T = 5/ (kT q)(k£q+ )T (100)

Eq.(99) and Eq.(100) are fundamental commutation relations
of tensor operators.



Wigner-Eckart Theorem

@ Let us compute the matrix elements of both sides of Eq. 93,
with respect to angular momentum eigenstates |ojm) and
|oj'm’), where o, &' quantum numbers other than angular
momentum, which are needed to specify these states
completely

k

i . . / . k
(o' m'|Ug T UL atjm) = Zk<°"f””" 77 |ajm) DY),
q'=—

@ Using resolution of Identity two times on the L.H.S., we have

Y (oj'm' | Ugledj W) (e j | T i) (o | U | tjm)
JTNTY

k

. ! . k

_ Zk<a'J’m'|T,?|aJm>D((7’3,
q'=-



Wigner-Eckart Theorem(contd.)
e but

(oj'm|Ugo'j' 'y = DY), (R)
(oju| UL ajm) = DYV (R)
@ we obtain
Y. DY) (R)(j' | Tf etj) DY (R)
TNy
k (101)

: oo K
— /Z k<a’j’m’\ T/ \ajm>Dc(’73,
g

@ we can recast C-G series of Eq.(85) as (proof is given in
problem 1 of tutorial sheet # 2)

Y DY) (R){jkma ik w') DDs(R)
wou
) (102)

_ /Z kgkmq' likj'm') DY)
Wl



Wigner-Eckart Theorem(contd.)

@ Eq.(101) can be seen as a linear homogeneous equation for
(a’j’m’|T,f’l|ajm> and Eq.(102) has the same coefficient
except that it has unknowns (jkmq'|jkj'm’).

@ Thus, the solutions of two equations, must be proportional to
each other. Thus

(oj'm'| T |otjm) = (jkmqjkj’m')

: , (103)
(f|| Tkl lotj),

we also changed ¢’ — g.

@ where the proportionality constant (a'j’|| Tx||ct)) is called the
reduced Matrix element.

@ They depend only on «, o, j, j/, and not on m, m’, and g
because that dependence is contained in the C-G-C
(jkmq|jkj'm’) Eq.(103) is called the Wigner-Eckart theorem.



Wigner-Eckart Theorem(contd.)

@ The importance of Wigner-Eckart theorem lies in the fact that
the required matrix element is written as a product of C-G-C
which contains the symmetry related information, and reduced
matrix element which contains information about other
properties of the system.



Selection Rules

@ From the CGC involved in the Wigner-Eckart theorem
Eq.(103), we get two important selection rules which
determine whether a given matrix element is zero, based just
on the symmetry. We know that the CGC (jkmgql|jkj’m’) is non

zero only if
@ m selection rule is valid, i.e.,

m = m—+gq
~f==] )
@ Triangular Identity is valid, i.e.,
-kl <j <j+k

But triangular identity of numbers holds for all three numbers

=[li-J1<k<j+) (105)




Selection Rules(contd.)

Examples:

@ For a scalar operator
k=0=qg=0=Am=m—-m=0

and
Aj=j—j=0=j=]
© For a vector operator

k=1,g=0,+1

= Am=0,+1 and Aj=j —j=0,+1



Projection Theorem

e For a vector operator A, with spherical components A7 or A9
for short,

(o' jm|J. Al otjm)
R +1)

(o jm'|A|otjm) = x (jm'|J9|jm)
@ Proof: We have
JA=JA A+ A, + J,A,
1 , )
= E(Jx-i- iJy)(Ax —iAy)

1 : .
+ E(JX —iJy)(Ax+iA)) + J-A;
— _J+1A71 . J*1A+1 +J0A0

where



Projection Theorem(contd.)

1
J =5 (htily) =F=Js

N
B

JO
with this

(o jm|J.Alajm) = (o jm| JPA° — JTLATY — J7L AT ojm)
= mh(a'jm|A®|ajm)

+\%\/U+m)0—m+1)<a’jm—1l%\l\a.im>

—\2\/(i—m)(j+m+1)<a’jm+1lA+1|ajm>



Projection Theorem(contd.)

e But from Wigner-Eckart theorem
(o' jm| A% |atjm) o< (o' jm| A**|otjm)

o (o' jm| A~ |otjm) o< (o'j|| Al atf)

o where (aj||A|aj) is the reduced Matrix element of A,
independent of m and q. Thus,

(a'jm|J.Alajm) = C(j, m)(cj|| Al etj)

e where C(j,m) is a constant which depends on j and m, and is
independent of o, o, and A.

e Furthermore, C(j, m) must be independent of m as well
because J.A is a scalar operator, thus

(a'jm|J.Alajm) = C(j)(aj||A||ot))



Projection Theorem(contd.)

o This will be valid also for A = j with o' = «
(ajm|J?|otjm) = C(j){aij|| ]| otf)

but (atjm|J2|etjm) = j(j+ 1)

cli) = j(j+41)h2
V= il
- (el Aoy — DR @A) o
(afl [T ts)

@ using Wigner-Eckart theorem, we have
= (o'jm'|A%|tjm) = (jLmq]jLjm'){e'j|| Al otj)

and
= (ajm'|J¥ojm) = (j1mqlj1jm’) (/j]|J||etf)



Projection Theorem(contd.)

@ Taking the ratio of these two equations, we have

(ojl|Ale) _ (ojm'|AT|czjm) (107)
(o/j||d]aj)  (ejm’[J9]atjm)

@ on substituting Eq.(107) in Eq.(106) we obtained the desired
result

(o' jm|J.A|ajm)

G x (jm'|J9jm) ~ (108)

(ojm'| A |ojm) =

@ The importance of projection theorem is that it shows that the
expectation value of any vector operator is proportional to the
expectation value of the angular momentum operator.

o This implies that any vector associated with a spherically
symmetric quantum mechanical system will be either parallel
or anti parallel to its angular momentum.
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